Abstract-Bismuth ferrite suffers from high leakage currents and the presence of a complex incommensurate spin cycloidal magnetic ordering, which has limited its commercial viability and has led researchers to investigate the functionality of doped BiFeO 3 ceramics. In particular, the substitution of rare earths onto the Bi 3+ site of the perovskite lattice have been shown to lead to improved functional properties, including lower leakage currents and the suppression of the magnetic spin cycloid. There is particular interest in materials with compositions close to structural morphotropic phase boundaries, because these may lead to materials with enhanced electronic and magnetic properties analogous to the highly relevant PbZrO 3 -PbTiO 3 solid solution. However, many contradictory crystal structures and physical behaviors are reported within the literature. To understand the structure-property relationships in these materials, it is vital that we first unravel the complex structural phase diagrams. We report here a comprehensive review of structural phase transitions in rare-earth-doped bismuth ferrite ceramics across the entire lanthanide series. We attempt to rationalize the literature in terms of the perovskite tool kit and propose an updated phase diagram based on an interpretation of the literature.
I. Introduction M ultiferroic materials have received extensive attention in the last few decades, primarily because of their numerous potential applications which include information storage, for example, multiple-state memory elements, sensors and actuators, electric-field-controlled ferromagnetic resonance devices, and transducers with magnetically modulated piezoelectricity [1] . Bismuth ferrite is by far the most widely studied multiferroic material because of the manifest of room temperature magnetic (T n ~630K) and electric ordering (T c ~1100K) [2] . BiFeo 3 crystallizes with a rhombohedrally distorted perovskite structure described by the space group R3c (space group #161), as shown in Figs. 1(a) and 1(b) with lattice parameters approximately a = 5.64 Å and a rhombohedral angle of approximately 59°; see, e.g., [3] . However, it is more common to see BiFeo 3 reported in the hexagonal setting of the R3c space group with lattice parameters of approximately a = 5.58 Å and c = 13.90 Å as shown in Fig.  1(c) ; see, e.g., [4] The geometric and structural relations between rhombohdral perovkites, hexagonal perovskites and the aristotype cubic perovskite geometry have been reported by Megaw and darlington and more specifically for BiFeo 3 by Moreau et al. [5] , [6] . at room temperature, the crystal structure (R3c symmetry) can be described with the Bi 3+ ions occupying cubo-octahedral positions within the perovskite with the Fe 3+ ions in octahedral co-ordination. The cations displace off their center of symmetry along the [111] c direction ([001] h direction) with the Feo 6 octahedra rotated antiphase around the rhombohedral axis (Glazer notation a − a − a − ) [7] . The Bi 3+ ions have a larger displacement, as a result of the stereoactive lone pair of electrons, in comparison with the Fe 3+ giving rise to the ferroelectric character observed for BiFeo 3 [1] , [8] , [9] .
The magnetic moments of the Fe 3+ are ordered in a Gtype antiferromagnetic (aFM) arrangement such that each spin is surrounded by six anti-parallel nearest neighbor spins [2] . However, these spins are not perfectly anti-parallel and a small canted moment exists due to dzyaloshinskii-Moriya interactions. High resolution powder diffraction measurements have demonstrated that the magnetic behavior cannot be completely described by G-type aFM ordering and that superimposed on this canting is a long range incommensurate spin cycloid of the aFM ordered sublattices propagating in the [110] h direction with a period of approximately λ = 620 Å [1] , [2] , [10] .
However, many problems limit the commercial viability of BiFeo 3 -based devices, including: 1) low remnant polarization (P r ). large polarizations of approximately 90 to 100 μc/cm 2 have been predicted for BiFeo 3 by density functional theory within the local-spin density approximation (lsda) and the lsda+U methods [11] . although comparable polarizations at room temperature have been observed experimentally in thin films [12] and single crystals [13] , the same magnitudes of P r have not been realized for BiFeo 3 ceramics. The problems with the low observed remnant polarization in ceramic materials is primarily linked to difficulties in making single-phase materials and thus the presence of secondary phases and the resultant high leakage currents observed in BiFeo 3 ceramics. 2) High leakage currents. It has been suggested that the leakage behavior in BiFeo 3 arises as a result of do-main walls. However, more recently, the high leakage currents have been attributed to the volatile nature of Bi 3+ ions during synthesis, leading to reduction of Fe 3+ to Fe 2+ and the formation of cation and anion vacancies [14] , [15] . It has been suggested that the loss of Bi 3+ ions results in cation vacancies which act as p-type centers accepting electrons from the valence band and causing p-type conduction [16] . Furthermore, Bi 3+ ion vacancies can also lead to oxygen vacancy formation to sustain local electrostatic neutrality, which can result in increased conductivity [16] . 3) Weak magnetoelectric (ME) coupling. Many authors have reported weak magnetoelectric coupling in BiFeo 3 [2] . although it could be expected that a strong linear ME effect could be allowed in BiFeo 3 , where the linear ME effect is described as a changing of magnetization (M) as a linear function of electric field (E) or vice versa, it is effectively averaged out by the existence of the spin cycloid; i.e., linear ME effects are forbidden by magnetic symmetry [2] , [17] . as a result, the ME effect observed in BiFeo 3 is due to much weaker, higher order quadratic ME effects. Uniyal and yadav therefore stated "that to implement the linear ME interaction, the incommensurate magnetic structure should be destroyed" [18] .
Many authors have tried to overcome these problems in BiFeo 3 -for example, by improving synthesis techniques-to mitigate against Bi 3+ loss and prevent the formation of Fe 2+ ions and cation vacancies. However, although these techniques may improve the observed remnant polarization and dielectric loss, they do little to affect the observed magnetic structure. The destruction of the spin cycloid has been shown to occur at high applied magnetic fields (≥20 T) allowing for the observation of the latent canted aFM structure, small remnant magnetization, and linear ME coupling effects [19] . an alternative route is to employ dopant strategies at either the perovskite a-or B-site to improve ferroelectric characteristics, reduce leakage currents, and enhance magnetic properties by suppression of the spatial spin modulation. as a result, improved materials properties have been reported in, for example, a-site ca 2+ -doped (see, e.g., [20] , [21] ) and B-site Ti 4+ -doped (see, e.g., [22] , [23] ) materials, as well as for a-and B-site co-doped solid solutions such as BiFeo 3 -PbTio 3 (see, e.g., [24] , [25] ). Many authors are now looking toward isovalent doping of the Bi 3+ site with rare earth ions (rE 3+ , where rE = la 3+ , nd 3+ , sm 3+ , Eu 3+ , etc.) becauze it has been suggested that partial substitution of rare earths ions for bismuth can help to mitigate against second phase formation, as well as seeming to increase the magnetocrystalline anisotropy making the spin cycloid energetically unfavorable and thus promoting more encouraging properties [26] . It is known that the rare earth orthoferrites, rEFeo 3 , crystallize with an orthorhombic distorted perovskite structure in the non-polar space group, Pnma 1 (space group #53). The symmetry can be described by an in-phase tilt of the Feo 6 octahedra in the a plane with an out-of-phase tilt of the Feo 6 octahedra in the b and c directions (Glazer notation a + b − b − ) and lattice parameters of approximately a = √2a, b = 2a, and c = √2a related to the pseudo-cubic perovskite unit cell. Because the parent material BiFeo 3 exhibits polar rhombohedral R3c symmetry, it can be expected that rare earth substitution introduces disorder which will eventually lead to a decoherance of the Bi 3+ ion lone pair and a concurrent change in symmetry from polar R3c to a nonpolar space group [8] . The route from polar to non-polar symmetries, however, depends greatly on which substituting element is used, both in relation to its concentration and its ionic size [8] . despite many structural reports within the literature, much controversy exists with respect to the nature and identity of these structural phase transitions as well as with relation to the observed magnetic and electric properties. as a result, we do not possess a coherent understanding of the effects of rare earth doping on the structure-property correlations in BiFeo 3 .
2014 was the International year of crystallography, and thus this article focuses solely on a review of the many complex phase transitions reported for rare-earth-doped BiFeo 3 ceramics and therefore the many exciting properties reported within the literature are not discussed. We present a concise review of the available literature across the entire lanthanide series for Bi 1−x rE x Feo 3 ceramic materials in section II. a more detailed discussion of these phase transitions is then presented in section III and an attempt to reconcile these observations with cation size and other arguments from the perovskite tool box such as tolerance factor and a-site variance. note that because of the extensive volume of work presented within the literature for rare-earth-doped BiFeo 3 materials, particularly for thin films but also including bulk and nano-structured materials, it was necessary to limit the scope of this review to the structural phase transitions reported in bulk materials. our aim is to build a more global understanding of the factors driving the structural phase transitions, the role and effect of the specific rare earth elements, and rationalize the observations in the literature; for these reasons, it was more appropriate to focus on ceramic materials which are free from substrate-and size-related effects.
II. composition-driven structural Phase
Transitions in Bi 1−x rE x Feo 3 ceramics
A. Room Temperature Studies
Many studies have focused on the structural phase transitions observed on rare earth doping of bismuth ferrite, with lanthanum-doped materials by far the most widely studied. However, much contradiction exists between the exact nature of these phase transitions within the literature and as a result our understanding of the structure-property correlations in these materials is poor. In this section, we present a concise review of dopantdriven structural phase transitions at room temperature, organized by rare earth element. We present a more detailed discussion of size-related effects across the series as well as an attempt to reconcile all structural observations in section III.
1) Lanthanum:
Many studies have focused on understanding the properties of low la 3+ doping concentrations in Bi 1−x la x Feo 3 materials (i.e., x ≤ 0.125) with rhombohedral R3c, symmetry reported [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . However, for x ≥ 0.125, many different phases with different phase limits are reported. some authors report the persistence of rhombohedral R3c, symmetry to much higher la 3+ concentrations, such as x = 0.15 [37] [38] [39] , x = 0.2 [14] , [40] , [41] , x = 0.25 [42] , and x = 0.3 [43] [44] [45] [46] . a series of computational studies probing the BiFeo 3 -laFeo 3 solid solution to investigate structural phase transitions have also been performed. antonov et al. investigated the substitution of la 3+ for Bi 3+ in Bi 1−x la x Feo 3 materials (x = 0.1, 0.2, and 0.3) using first principles calculations [47] . They tracked changes in structural parameters using density functional theory (dFT) within the generalized gradient approximation with Hubbard correction of dudarev (GGa +U) and a plane wave pseudo-potential approach. They reported the most stable structures were rhombohedral for x = 0.1 and orthorhombic for both x = 0.2 and 0.3. The authors noted that the change to orthorhombic symmetry is coupled with a dramatic decrease in the lattice parameter, c [47] . In contrast, lee et al. predicted the phase boundary between R3c and Pnma symmetries to occur at x = 0.30 by evaluation of the Kohn-sham energy computationally derived using GGa-dFT [38] , [48] . The GGa-dFT method was also exploited by Gonzalez-Vasquez et al. to investigate the structural phase diagram for the entire BiFeo 3 -laFeo 3 solid solution [49] . For materials with x ≤ 0.30 and x ≥ 0.65, the structural symmetries can be determined to be consistent with the BiFeo 3 and laFeo 3 end members, respectively, i.e., R3c and Pnma. The authors note that the region 0.3 ≤ x ≤ 0.65 is extremely interesting. They find two degenerate orthorhombic phases are stable over this compositional range, namely the Pnma phase and a second orthorhombic phase which can be described by the polar Pna2 1 space group (#33). Pna2 1 is effectively the non-polar setting of the Pnma space group and represents the same unit cell and Feo 6 octahedral rotation (a − a − c + in Glazer notation) observed for Pnma with an additional polarization along the [001] c direction. The authors also noted they were unable to find local energy minima for any of the previously reported experimentally observed symmetries (discussed later). However, they do note that some symmetries-those that are described by the pseudo-cubic unit cell, a = √2a, b = 2a, and c = √2a-would be incompatible with their simulation cell [49] .
Experimentally, a more complex series of structural phase transitions and symmetries have been reported. a transition from rhombohedral to an orthorhombic symmetry, similar to that exhibited by the parent laFeo 3 material near x = 0.1 [50] , x = 0.15 [51] , and x = 0.3, have all been reported [52] [53] [54] [55] . Karimi et al. reported that below x = 0.20 all peaks can be indexed with R3c symmetry [1] . above x = 0.20, there is significant broadening of the Bragg peaks which they attribute to the formation of the Pnma phase; however, they note that a full identification is outside the limits of the laboratory-based diffraction equipment used [1] . This was consistent with the rhomboheral-orthorhombic phase transition reported by yang et al., but in contrast, these authors reported phase coexistence of the R3c and Pnma phases between approximately x = 0.3 and x = 0.8 [45] . suresh and srinath reported the co-existence of both the polar R3c and non-polar Pnma phases in the range 0.05 ≤ x ≤ 0.4 (although they note that the Pbnm setting of the non-polar space group gave a superior fit over the Pnma setting) [56] . They also noted that the refinements performed using P1 and C222 symmetries yielded worse fits. The same authors later reported that the R3c phase is stable to x ≤ 0.2 before transforming to non-polar Pnma symmetry at x ≥ 0.2 [57] . recently Zhang et al. reported that lanthanum-doped bismuth ferrite materials exhibit rhombohedral R3c symmetry for x ≤ 0.1 and that the transformation to orthorhombic Pnma symmetry is complete by x = 0.2; the inference being that a mixed phase region is observed in the range 0.1 ≤ x ≤ 0.2 [58] . More recently, these results were echoed by Khodabakhsh et al., who reported phase coexistence between polar R3c and non-polar Pnma phases in the range x = 0.1 and 0.15; the limit of their study [16] . orthorhombic Pnma symmetry was also observed for Bi 0.5 la 0.5 Feo 3 in a comprehensive neutron diffraction study by Kavanagh et al. [59] .
In contrast, orthorhombic C222 symmetry for x = 0.2 with a transition to tetragonal P4mm symmetry between x = 0.2 and x = 0.3 has been reported by cheng et al. [29] and liu and Wu [60] . orthorhombic C222 symmetry for various compositions in the range 0.17 ≤ x ≤ 0.5 have also been reported [61] [62] [63] [64] [65] [66] [67] . However, a rationale for the choice of tetragonal P4mm and orthorhombic C222 symmetries is not discussed and no systematic rietveld refinement of the data are presented. a series of transitions from R3c → C222 → Pnma at x = 0.2 and 0.6, respectively, is reported by chen et al. for microcrystals grown by a molten salt flux method [68] . although the authors confirmed the presence of both the R3c and Pnma phases by a detailed electron diffraction study, the observation of C222 symmetry seemed to be limited to the observation of peak splitting within the X-ray diffraction patterns with no confirmatory analysis performed. Zaliesskii et al. reported a solid-state nMr study of Bi 1−x la x Feo 3 materials [69] . They reported a phase transition from R3c to C222 symmetry at x = 0.2, the emergence of an orthorhombic C222 1 phase at x = 0.61, and a non-polar Pnma phase at x = 0.9. However, the phase assignments are mainly linked to X-ray diffraction observations rather than from the nMr analysis itself and the authors note that nMr observations are hindered for materials with x ≥ 0.2 because of a large non-unifority of the local field, H n , and that it was not possible to detect an nMr signal at all from the Bi 0.39 la 0.61 Feo 3 material. It should also be noted that the nMr experiments were carried out at 4.2K and 77K [69] . a transition from R3c to triclinic P1 symmetry has also been reported at x = 0.05 in Bi 1−x la x Feo 3 materials [70] . This suggests that the addition of la results in a loss of all symmetry elements in the perovskite structure with the only allowed elements being simple translations along the a, b, or c unit cell directions, which seems unlikely in these systems. a series of phase transitions from triclinic, P1 → polar, tetragonal P4mm → non-polar, tetragonal P4/mmm has also been reported at x = 0.05, 0.2, and 0.25, respectively, from rietveld refinement of powder X-ray diffraction data [71] .
on the other hand, initial studies by Troyanchuk et al. reported that for x ≤ 0.18 and x ≥ 0.5 single-phase materials with rhombohedral R3c and orthorhombic Pnma symmetries are obtained [23] , [72] , [73] . The intermediate region was modeled by rietveld analysis of powder neutron diffraction data as being a mixture of R3c and orthorhombic Imma (space group #74) phases. Interestingly, their studies suggested that each of these phases exhibited very different compositions, with the R3c phase exhibiting a composition close to the proposed limit of Bi 0.85 la 0.15 Feo 3 , whereas the Imma phase exhibited a composition close to Bi 0.55 la 0.45 Feo 3 [72] . They noted that the synthesis temperature is critical in the preparation of these materials, with different perovskite phases stabilizing at varying temperatures [73] . The authors also suggest that there is incomplete solubility of la 3+ in the Bi 1−x la x Feo 3 system for materials synthesized in air. More recently, Karpinsky, Troyanchuk and coworkers have reported extensive powder X-ray and neutron diffraction studies of 0.15 ≤ x ≤ 0.5 lanthanum-doped bismuth ferrite ceramics [74] [75] [76] . They reported that x ≤ 0.15 could be refined using the parent BiFeo 3 structural model, R3c. The x = 0.20 material can be described by antipolar Pbam symmetry (space group #55). The Pbam model can be described by an anti-phase tilting of the octahedra in the a and b directions with no tilts present in the c direction (Glazer notation, a − a − c 0 ) this is coupled with anti-polar displacements of the a-site cations along the [110/−1−10] c axis characteristic of the PbZro 3 perovskite [77] . The unit cell can be given as approximately √2a × 2√2a × 2a, relating the orthorhombic cell to the cubic perovskite subcell. Initially, the x = 0.16 material could be satisfactorily described by the R3c model. However, on repeating the crystallographic studies after approximately one month, the authors noted that a secondary phase grew which can be attributed to the anti-polar phase. no further phase transformations were noted after one month. [8] . like many authors, they reported the phase stability of the rhombohedral phase to extend to approximately x = 0.1. In the composition range 0.2 ≤ x ≤ 0.4, they noted the existence of an antiferroelectric PbZro 3 -type phase but were unable to differentiate between Pbam and Pnam symmetries (both are described in the literature as PbZro 3 -type because they exhibit similar cation displacements and octahedral tilts). above x = 0.5, a single laFeo 3 -type Pnma phase is observed [8] . an extensive structural study of the BiFeo 3 -laFeo 3 solid solution based on synchrotron radiation, electron diffraction, and high resolution TEM data has been reported by rusakov et al. [79] . The authors demonstrate that much of the initial and continued phase identity problems may be linked to incomplete phase formation, with further annealing required to achieve single-phase materials. The authors report that single-phase materials with rhombohedral R3c symmetry can be prepared after annealing for compositions 0 ≤ x ≤ 0.1. The phase diagram then becomes far more complex. a single-phase material is next obtained at x = 0.18 which can be indexed with anti-polar Pnam symmetry and pseudocubic-related lattice param-eters of √2a × 2√2a × 4a. although the anti-polar Pbam and Pnam symmetries share anti-polar cation displacements along the [110] /[−1−10] c direction, Pbam exhibits a simpler anti-polar structure with an a − a − c 0 tilt system; Pnam, however, is described by a more complex combined a − a − c + /a − a − c − tilt system resulting in the observed quadrupling of the unit cell in the c direction [8] . Interestingly, the Pnam phase proves to only be stable at this composition. For 0.19 ≤ x ≤ 0.30, a complex incommensurately modulated phase is formed with the Imma(00γ)s00 superspace group with a = √2a, b = 2a, c = √2a unit cell relationship and modulation vector, γ, of approximately 0.47 [79] . The ion displacements, octahedral tilt systems that lead to this symmetry, and the observed incommensurate nature of the structure are complex. The authors propose that the anti-polar structure arises as a result of the ordering of Bi and o ion displacements in the cationoxygen (ao) plane. Interactions between neighboring ao layers compensate for any local fluctuations of the intralayer anti-polar ordering. The tilting modulation arises as a result of the displacement of o2 atoms within the ac plane which locally results in an a + tilt component added to the a 0 b − b − Imma tilt system. Thus, the authors further propose that the observed incommensurability arises as a result of coupling between the anti-polar displacements and cooperative tilting of the octahedra [79] . above x = 0.5, single-phase Pnma materials are observed. In the intermediary ranges of 0.1 ≤ x ≤ 0.18 and 0.30 ≤ x ≤ 0.50, phase coexistence between R3c and Pnam and Imma(00γ) s00 and Pnma symmetries are observed, respectively [79] . The incommensurate Imma(00γ)s00 phase has also subsequently been reported by Troyanchuk et al. to exist in the composition range 0.19 ≤ x ≤ 0.43 [80] . carvalho et al. also noted the emergence of satellite peaks in the diffraction pattern collected for Bi 0.7 la 0.3 Feo 3 which could not be described using the typical secondary phases observed in bismuth ferrite materials [81] . These peaks were successfully indexed to an incommensurately modulated structure with a modulation vector, q 3 , of 0.465, similar to that reported by rusakov et al. [79] , [81] . This modulation is described as representing a displacement of Bi and o1 ions toward each other along the crystallographic a axis and by the displacement of the o2 ions within the ab plane as described by the polar Pn2 1 a(00γ)s00 superstructure with lattice parameters of approximately a = √2a, b = 2a, and c = √2a (related back to the pseudo-cubic setting of the aristotype perovskite unit cell) [81] . It can be seen that the incommensurate modulation described by carvalho et al. is almost identical to that described by rusakov et al.; however, these modulations have been indexed within different superspace groups, namely polar Pn2 1 a(00γ)s00 and anti-polar Imma(00γ)s00 symmetries, respectively [79] , [81] .
2) Cerium and Praseodymium:
In contrast with lanthanum, little work exists on cerium-doped BiFeo 3 bulk ceramics. Zhang et al. prepared Bi 0.95 ce 0.05 Feo 3 via a coprecipitation method with diffraction studies demonstrating that the rhombohedral R3c symmetry was preserved as expected [82] . Pradhan and roul also reported that R3c symmetry is preserved up to x = 0.15 (the limit of their study) [83] .
as with lanthanum-doped materials, multiple phase transitions at various compositions are reported for praseodymium-doped bismuth ferrite materials. rhombohedral R3c symmetry has been reported for Bi 1−x Pr x Feo 3 , materials with Pr 3+ compositions as high as x ≤ 0.20 [84] [85] [86] [87] . In contrast, Kumar et al. noted that materials in the range 0 ≤ x ≤ 0.15 can be fit with either rhombohedral R3c or triclinic P1 symmetry [88] . This is not surprising, given that P1 can be considered to be the mother of all space groups. The authors report no refinements of their data but suggest that observed changes in relative peak intensities may suggest a change in phase with increasing praseodymium contents. [89] , [90] . The authors report that refinements performed using the triclinic symmetry yielded better fits over either R3c of C2 symmetry. However, this can perhaps be rationalized by the extra degrees of freedom afforded in P1. The choice of P1 symmetry is further confirmed by shifts in the raman spectra with increasing praseodymium content [89] , [90] . Tetragonal symmetry has also been proposed for Bi 0.80 Pr 0.20 Feo 3 , however, no justification or space group was provided [60] . Extensive studies of the Bi 1−x Pr x Feo 3 solid solution have been performed by Khomchenko, Karpinsky, Troyanchuk, and coworkers [31] , [74] , [80] , [91] . The authors reported that praseodymium-doped materials with x ≤ 0.125 can be fitted with rhombohedral R3c symmetry. In the range 0.16 ≤ x ≤ 0.20, materials were fit in a pure anti-polar orthorhombic phase with Pnam symmetry, as evidenced by supercell peaks at approximately 18.6° and 18.8° 2θ (cu Kα). However, in the range 0.22 ≤ x ≤ 0.25 these supercell peaks are no longer evident and the materials can be refined with the simpler anti-polar Pbam symmetry model characteristic of PbZro 3 . above x = 0.28, the non-polar Pnma phase is stabilized. again, the intermittent regions 0.125 ≤ x ≤ 0.16 and 0.25 ≤ x ≤ 0.28 can be fit as phase mixtures between R3c and Pnam and Pbam and Pnma, respectively [31] , [74] , [80] , [91] . In addition, no evidence for the incommensurately moderated Imma(00γ)s00 phase observed in la 3+ -doped materials was observed by these authors.
3) Neodymium: Many symmetries and compositions for phase transitions in nd-doped BiFeo 3 ceramics have been reported. Various authors have reported rhombohedral R3c symmetry for materials with 0 ≤ x ≤ 0.1 [27] , [92] , [93] , whereas others noted R3c phase stability to x = 0.125 [87] , x = 0.15 [94] , and x = 0.20 [95] . dzik and colleagues reported R3c symmetry for materials with x ≤ 0.2 with orthorhombic Pnma symmetry for x ≥ 0.3 [96] [97] [98] .
although it can be expected that some phase coexistence of these two symmetries exists in the intermediary region, the authors did not investigate samples with compositions between x = 0.2 and x = 0.3. In contrast, Wu et al. reported a rhombohedral to orthorhombic phase transition, at much lower nd concentrations of between x = 0.125 and x = 0.15 [99] . The exact symmetry of this orthorhombic phase remains in question because the authors noted that the phase transition is consistent with a polar-antipolar transition; thus, one would expect either the Pbam or Pnam anti-ferroelectric symmetries reported for other rare earth materials, but the authors reported the nonpolar orthoferrite space group, Pnma.
as with lanthanum and praseodymium, a more complex series of phase transitions has been reported for Bi 1−
x nd x Feo 3 materials. an R3c to triclinic P1 phase transition has been reported by Kumar and Varshney [100] . rietveld refinement of powder X-ray diffraction data and raman spectroscopy observations demonstrate P1 symmetry for materials with x = 0.175 and x = 0.20. Mathe et al. also reported triclinic symmetry for Bi 0.8 nd 0.2 Feo 3 with orthorhombic Pnma symmetry observed for materials with x ≥ 0.40 [101] . In contrast, Mishra et al. reported a composition-driven phase transition from R3c to tetragonal symmetry on increasing nd contents [102] . The authors reported that materials with x ≤ 0.05 crystallize with R3c symmetry but materials with x ≥ 0.1 crystallize with tetragonal symmetry. The determination of tetragonal symmetry is based on calculated peak indexing such that the best agreement between the observed and calculated d-spacing was based on the equation
, and as such no space group derivation was performed [102] . a transition from R3c to (pseudo) tetragonal symmetry has also been reported by chen et al. from absorption spectroscopy studies [103] . They demonstrated that materials with compositions x ≤ 0.1 exhibit similar spectra to the parent BiFeo 3 material and can thus be determined to exhibit R3c symmetry. The spectra collected at x = 0.15 is characterized by the emergence of two new features coupled with the loss of characteristic BiFeo 3 /R3c peaks. These changes in the absorption spectrum were determined to arise as a result of a phase transition from rhombohedral symmetry (with a slight triclinic distortion) to pseudo-tetragonal symmetry in the range 0.1 ≤ x ≤ 0.2 [103] . In contrast, phase transformations from R3c (x ≤ 0.05) → P1 (0.05 ≤ x ≤ 0.15) → pseudo-tetragonal (0.175 ≤ x ≤ 0.2) have been reported by yuan et al. [104] . rietveld refinements were performed on all phases using the triclinic P1 space group with the authors noting a tendency toward a tetragonal metric cell in materials with x ≥ 0.15. By far the most comprehensive study on neodymiumdoped bimuth ferrite has been performed by reaney and coworkers [1] , [105] [106] [107] . The authors reported the following series of phase transitions. For materials with x ≤ 0.15 the ceramics could be indexed to the same R3c symmetry as the parent BiFeo 3 materials. With 0.15 ≤ x ≤ 0.20 the materials crystallize with the anti-ferroelectric PbZro 3 -type Pbam symmetry before finally adopting orthoferrite Pnma symmetry at x = 0.25. at x = 0.15, the material can be indexed with both R3c and Pbam symmetries, representing a region of phase coexistence [1] , [106] . More recently, they extended this work to include a thorough neutron diffraction study to fully investigate the anti-polar symmetry exhibited by Bi 0. 85 [105] , [107] . The authors note that from their comprehensive electron diffraction study, the unit cell metric √2a × 2√2a × 4a (fitted with the Pbam space group) most appropriately describes the reflections observed. However, neutron diffraction refinements of the data indicated largely anisotropic atomic displacement parameters for oxygen and the perovskite a-site ions (Bi/ nd) suggesting the actual structure deviates from Pbam symmetry. They note that the electron diffraction reflections limit alternative space groups to either Pnam or Pna2 1 . as described for lanthanum-doped materials, both Pbam and Pnam symmetries exhibit the same anti-polar cation displacements along the [110] /[−1−10] c direction with Pbam symmetry described by a a − a − c 0 octahedral tilt arrangement in contrast to Pnam symmetry, which adopts a more complex a − a − c + /a − a − c − tilt system. However, the authors note that refinement of the data with Pnam symmetry does not significantly improve the fit statistics, suggesting that the more complex tilt arrangement is not strong enough or sufficiently ordered to significantly contribute to the average structure observed in powder diffraction experiments. similar results were also reported in the studies by Troyanchuk and colleagues [31] , [73] , [80] .
4) Samarium:
consistent with the larger rare earths, R3c symmetry has been reported for sm 3+ -doped BiFeo 3 ceramics for compositions with x ≤ 0.125 [87] , [92] , [108] [109] [110] [111] . Various authors have reported a phase transition from polar R3c to non-polar Pnma symmetry at various concentrations of sm 3+ , such as x ≥ 0.1 [112] , [113] and x ≥ 0.25 [114] , [115] , with some level of phase coexistence between these two symmetries observed in the intermediary composition range. This is consistent with the computational studies performed by lee et al., who predicted a morphotropic phase boundary (MPB) between R3c and Pnma symmetries to occur in samarium doped BiFeo 3 materials at x = 0.14 by evaluating Kohn-sham energy for both these symmetries [48] .
In light of the complex series of phase transition observed in la 3+ -, Pr 3+ -, and nd 3+ -doped ceramics and, in particular, the observation of an anti-polar PbZro 3 -type phase in a composition window between polar R3c and non-polar Pnma symmetries, more in-depth structural studies have been performed by several authors. Khomchenko et al. investigated sm-doped BiFeo 3 materials in the range 0.1 ≤ x ≤ 0.2 [31] , [116] , [117] . at x = 0.1, the material is successfully fit with R3c symmetry consistent with [87] , [92] , [108] , and [111] . In contrast, at x = 0.15 they reported that the materials exhibit a mix of a Pnmalike phase with the expected PbZro 3 -type anti-polar Pbam phase. However, close examination of PFM data suggested this phase is polar rather than anti-polar and the authors tentatively suggested the polar space group Pba2, which shows the same reflection conditions as Pbam. In a later study of Bi 0.85 sm 0.15 Feo 3 , the same authors were able to prepare a single-phase anti-polar ceramic by increasing the annealing temperature [118] . In contrast with their initial investigations, anti-polar character was confirmed by PFM analysis. The authors suggested that the materials propensity for inhomogeneous distribution of the cations may contribute to these varied observations. This is also consistent with the observations of rusakov et al. for lanthanum-doped materials, where the authors observed that extended annealing was required for materials to reach equilibrium structures [79] . at x = 0.2, Khomchenko and coworkers reported that the material can be fit to a non-polar Pnma phase as expected. However, PFM again suggested that regions of this material exhibit polar character and the authors suggested that this phase can more accurately be described with the corresponding polar Pn2 1 a symmetry [31] , [116] , [117] . The emergence of the anti-polar Pbam phase was also observed at approximately x = 0.15 by Troyanchuk et al. and Karimi et al. [1] , [80] and x = 0.1 by Kubota et al. [119] . all groups further saw a transition from anti-polar to non-polar symmetry at approximately x = 0.18, where a single Pnma phase is observed [1] , [80] . In contrast, chen et al. reported the coexistence of a triclinic P1 phase with the anti-ferroelectric PbZro 3 -type Pbam phase for compositions with x = 0.125 and 0.17 with the non-polar Pnma phase observed at x = 0.25 [120] .
5) Europium:
Unsurprisingly, R3c symmetry has been reported for materials with x ≤ 0.125 [121] [122] [123] [124] , with the exact composition limits speculative in nature with x = 0.15 [125] , [126] , and x = 0.2 also reported as the limits of R3c symmetry [127] . For materials with higher europium concentrations, a rhombohedral R3c to non-polar orthorhombic Pnma symmetry has been reported to occur in the range 0.15 ≤ x ≤ 0.2 by dai et al. [125] , [126] . Zhang et al. reported that for materials with x ≥ 0.2 that the diffraction patterns resemble those of the parent EuFeo 3 material (i.e., Pnma) [26] . However, the authors reported that better reitveld refinement fits were observed with the polar Pn2 1 a space group, although this is perhaps not surprising given that the polar model has extra degrees of freedom over the non-polar model which can artificially enhance the observed fit. The authors also noted that they were unable to collect saturated PE hysteresis loops on these materials to support the assertion of a polar (R3c)-polar (Pn2 1 a) phase transition [26] . In contrast, Kothari and colleagues reported that the structure of materials with x = 0.1 and x = 0.15 exhibits triclinic P1 symmetry [128] , [129] . The authors stated that diffraction data are further confirmed by EXaFs analysis. However, they noted that to check the validity of the Fe-o nearest neighbor assignments, they fit the data to two different models, namely a bimodal distribution model and a cumulant expansion model, with statistical analysis suggesting that both models are equivalent. The authors then noted that they adopted the former model to be consistent with the crystallographically derived structure, perhaps limiting the structural observations [128] , [129] . Troyanchuk et. al. reported a comprehensive powder Xrd and neutron diffraction study of Eu-doped materials [23] , [73] , [80] . [31] .
6) Gadolinium:
Bismuth ferrite doped with gadolinium is no exception to the other rE ions, and as such many limits of phase stability for the polar R3c phase have been reported, such as x = 0.1 [130] [131] [132] [133] , x = 0.12 [134] , x = 0.15 [16] , and x = 0.20 [135] [136] [137] [138] . at higher gadolinium concentrations, lazenka et al. reported a gradual change from R3c → Pnma symmetries with increasing Gd 3+ concentrations, with materials with x ≥ 0.15 exhibiting Pnma symmetry [139] . In contrast, li et al. reported that the limit of R3c phase stability was at x = 0.08 with an orthorhombic Pnma phase not obtained until x = 0.30 [140] , [141] . In the intermediary region, 0.08 ≤ x ≤ 0.3 phase coexistence between these two phases is reported.
Karimi et al. reported a concise study of Gd-doped BiFeo 3 with Xrd, raman spectroscopy, and selected area electron diffraction (saEd) [1] . They noted that below x = 0.15, phases with R3c symmetry are stabilized. above x = 0.15, the non-polar Pnma phase is stable. at x = 0.15, a phase mixture of the non-polar Pnma and anti-polar PbZro 3 -type phases was observed. The authors noted that despite extended efforts it was not possible to stabilize the anti-ferroelectric phase at room temperature. likewise, Khomchenko et al. have reported extensive studies of Gd doped BiFeo 3 materials [117] , [142] , [143] . The 20% and 30% doped samples are observed to be isostructural with the parent GdFeo 3 material, exhibiting Pnma symmetry. The authors noted that a good fit was also achieved for the equivalent polar space group Pn2 1 a. The 10% sample is a mix of R3c and either the polar Pn2 1 a or non-polar Pnma phases. They concluded that Pn2 1 a symmetry is more likely because it yielded marginally better goodnessof-fit parameters. again, this is to be expected because of the extra degrees of freedom arising as a result of the loss of symmetry modes, to allow for the polar displacements. Further PFM studies demonstrated that polar character is observed for the x = 0.10 and 0. 20 [117] , [142] , [143] . In contrast, another work by the same authors suggests that the material Bi 7/8 Gd 1/8 Feo 3 (which corresponds to a material with x = 0.125) exhibits a pattern consistent with anti-polar and non-polar mixed phases, i.e., there is no evidence for a polar phase, which they observe for higher values of x [31] . This perhaps demonstrates some of the material processing issues and problems with determining cation contents prevalent in these materials; this is discussed in more detail in section III. In contrast, Troyanchuk et al. reported that the limit for R3c symmetry was at x = 0.08 with coexistence of the antipolar and R3c symmetries in the range 0.08 ≤ x ≤ 0.12, followed by coexistence of the anti-polar and non-polar (Pnma) phases in the range 0.12 ≤ x ≤ 0.18, above which a single Pnma phase is observed [80] .
7) Terbium:
In contrast with the other rare earths, very little has been reported for terbium-doped bismuth ferrite ceramics. Knee and colleagues performed a detailed Xrd, neutron diffraction and raman spectroscopy study of Bi 1−x Tb x Feo 3 ceramics (0 ≤ x ≤ 025) [8] , [144] . Xrd analysis suggested that at x = 0.10, although the pattern can predominantly be indexed with R3c symmetry, weak signature peaks from the Pnma phase can also be seen. In the range 0.10 ≤ x ≤ 0.15, a mixed phase comprising different amounts of the R3c and Pnma phases is observed, with single-phase Pnma observed for the x = 0.175 and x = 0.20 compositions. This is further confirmed by raman analysis. For materials with x ≤ 0.1, the spectra collected are consistent with those observed for the parent BiFeo 3 material. likewise, the authors observed the Pnma phase at x = 0.20, consistent with the recorded X-ray diffraction. In the intermediary range, the Pnma structure appears alongside the disappearance of the R3c signatures as the Tb 3+ content increases [8] , [144] . similarly, Zhang et al. recently observed the structural phase transition between rhombohedral and orthorhombic symmetries to occur in the range 0.1 ≤ x ≤ 0.125 [145] . [148] , [149] . [31] , [154] . single-phase orthorhombic Pnma was observed for materials with x ≥ 0.2, whereas mixed-phase R3c and Pnma patterns were observed for 0.10 ≤ x ≤ 0.15, with increasing amounts of the Pnma phase observed with increasing dy 3+ content. In addition, the authors saw a small amount of the PbZro 3 [155] . at x = 0.2, a pure orthorhombic phase is formed. The authors, however, seem to be confused by anti-polar and non-polar ,and in their conclusions conclude the formation of a non-polar orthorhombic phase consistent with previous literature. It is not clear from the paper whether the phase coexistence is between R3c and the anti-polar Pbam orthorhombic phase or R3c and a non-polar Pnma orthorhombic phase.
More recently, we reported a systematic synchrotron and neutron diffraction coupled with raman spectroscopy study of dy 3+ -doped BiFeo 3 ceramics in the compositional range 0.0 ≤ x ≤ 0.3 [156] . We noted that initially materials with x ≤ 0.05 appeared to crystallize with rhombohedral R3c symmetry, followed by a mixed-phase region in the composition range 0.06 ≤ x ≤ 0.25, above which a single-phase orthorhombic Pnma phase is obtained. However, although we saw no evidence for the anti-polar PbZro 3 -type phase, we did note that the R3c model was actually insufficient to describe the peak intensity and peak shape profiles observed at low dopant levels, suggesting subtle distortions and/or phase transition in these materials. We performed symmetry mode analysis to investigate these distortions, which allowed us to describe our material by a series of distortions, such as octahedral tilting or cation displacements which can then be transformed according to different irreproducible representations of the parent space group. This effectively allowed us to decouple these distortions from each other and allowed us to investigate the contribution from each of these modes. We suggested that the addition of dy 3+ onto the Bi 3+ lattice results in a lowering of symmetry, with these data best described by a monoclinic, Cc model (space group #9). The Cc model can be described as exhibiting anti-phase tilts of the Feo 6 octahedra as denoted by the Glazer notation a − a − c − . In contrast with the R3c model, which also exhibits anti-phase tilting of the Feo 6 octahedra (a − a − a − ), the magnitude of the tilt in the z direction is now unique. Furthermore, there is a rotation of the polarization vector such that the ferroelectric axis now lies along the [110] c direction. We suggest that this phase transition is driven by chemical strain resulting from the large size mismatch between Bi 3+ and dy 3+ . In addition, further analysis of the orthorhombic region indicated broad peaks with the appearance of shoulders in some data. We found that these modeled to multiple orthorhombic phases and that a true single-phase orthorhombic material was not achieved under these synthetic conditions in the composition range studied. We therefore proposed that the limit of R3c stability was at a composition of approximately x = 0.03. In the range 0.03 ≤ x ≤ 0.06, single-phase Cc materials are obtained. In the range 0.06 ≤ x ≤ 0.25, a mixture of Cc and Pnma phases is obtained, and above x = 0.25, a mixture of Pnma phases with different lattice parameters is observed [156] .
9) Holmium, Erbium, Thulium, and Ytterbium:
Very little research has been conducted on Ho-, Er-, Tm-, and yb-doped BiFeo 3 ceramics. as with the other rare earths, the exact composition for phase stability of the R3c phase is open to debate, although in contrast with other rare earth systems where large compositional fluctuations are reported, the consensus seems to suggest a phase transition around x = 0.1. In addition, most authors seem to agree that this phase transition is concomitant with a transition from polar R3c → non-polar Pnma with increasing Ho, Er, Tm, or yb content. Holmium-doped bismuth ferrite ceramics have been investigated in the composition range 0 ≤ x ≤ 0.20 by several authors [9] , [18] , [157] - [161] . Most authors observe a phase transition from rhombohedral r3c → orthorhombic Pnma symmetry to occur in the range 0.1 ≤ x ≤ 0.2 with some phase coexistence of the two phases also observed in this region [9] , [18] , [157] - [161] . In contrast, nguyen and nguyen report that R3c symmetry is preserved across the full range of samples studied (0.05 ≤ x ≤ 0.20) [162] . recently Kuz et al. reported that the limit of the R3c phase stability was x = 0.07, x = 0.04, and x = 0.03 for Er-, Tm-, and yb-doped materials, respectively [163] . rao et al. suggest that R3c symmetry is predominantly observed for materials with the composition of Bi 0.9 Er 0.1 Feo 3 coupled with a small percentge of a secondary orthorhombic phase [158] . This is consistent with the orthorhombic Pnma symmetry reported for Bi 0 [164] . They suggested that the highest distortion is observed at x = 0.15 based on peak shift. They further suggested a probable phase transition to a likely Pnma phase at x = 0.05. However, no concise analysis of the phase systems was reported. a more comprehensive study of yb 3+ -doped materials in the composition range 0 ≤ x ≤ 0.2 was performed by dai et al. [165] . They reported that R3c symmetry is adopted for materials x ≤ 0.1 with orthorhombic Pnma symmetry adopted for materials with x ≥ 0.15. In the range 0.10 ≤ x ≤ 0.15 the implication is that phase coexistence between rhombohedral and orthorhombic symmetries is observed. Wu [34] . This is further supported by Zheng et al., who reported the phase transition from rhombohedral R3c symmetry to orthorhombic Pnma symmetry to occur between x = 0.10 and x = 0.125, consistent with the observations of Thakuria et al. [124] , [166] . In contrast with most other reports, a rhombohedral-to-tetragonal phase transition is reported for Er 3+ -doped materials in the range 0.1 ≤ x ≤ 0.3, with materials x ≤ 0.1 exhibiting R3c symmetry and those with x ≥ 0.3 exhibiting tetragonal symmetry [50] . However, no space group justification for tetragonal symmetry or riteveld refinement of the Xrd data was reported.
B. Variable Temperature Studies
In contrast with room temperature studies, very little work exists on variable temperature structural studies of rare-earth-doped bismuth ferrite materials. (Many variable temperature ferroelectric and magnetic property measurements have been performed, but these will not be discussed here.) although the intention of this paper is to understand the complex series of phase transitions both as a function of rare earth type and concentration at room temperature, it would be remiss not to present our current knowledge of variable temperature structural studies, and as such a brief overview is presented in this section.
Many authors have reported variable temperature structural studies of the parent BiFeo 3 material using X-ray diffraction, synchrotron radiation, and neutron diffraction studies (see [2] for a review of the physics and applications of BiFeo 3 ) above room temperature, it is generally accepted that BiFeo 3 undergoes 3 phase transitions. The first, at approximately 620K, is concomitant with the loss of magnetic order (i.e., aFM-paramagnetic state) with no resulting change in structural symmetry. The α-β phase transition occurs at approximately 1100K and is consistent with the ferroelectric-paraelectric phase transition. The symmetry of the β-phase was the subject of much debate within the literature; however, it is now generally accepted that the α-β phase transition is accompanied by a change in symmetry from polar R3c to nonpolar Pbnm symmetry [4] . The final (β-γ) phase transition has received far less attention primarily because of the instability of BiFeo 3 at high temperature and the onset of decomposition. cubic symmetry was initially proposed by Palai et al. [167] , however, subsequent neutron diffraction studies suggested that orthorhombic character was retained [168] . likewise, the low-temperature behavior of BiFeo 3 has attracted much attention and debate within the literature. The majority of this work centers on pro-posed magnetic structural phase transitions (not discussed here) rather than nuclear ones, with no structural phase transitions from R3c symmetry proposed [169] [170] [171] [172] .
Many variable temperature studies of rare-earth-doped BiFeo 3 have focused on differential thermal analysis (dTa) or differential calorimetry (dTc) techniques to establish phase transition temperatures, particularly the ferroelectric-paraelectric transition [1] , [16] , [28] , [67] , [79] , [96] , [97] , [144] [111] , [120] . although the study by yao et al. was limited at 323K, below the temperature of any expected phase transitions in this composition, chen et al. reported that the modes associated with the polar phase soften with a transformation to the non-polar phase above 623K. lee et al. computationally derived the variable temperature phase diagram for the BiFeo 3 -laFeo 3 solid solution by evaluating the Kohn-sham energy from GGa-dFT calculations [48] . They observed that the composition-driven phase transition between R3c and Pnma symmetries is independent of temperature below 300K such that between 2K and 300K the composition limit of R3c symmetry is Bi 0.7 la 0.3 Feo 3 . above 300K, the transition temperature slowly decreases (exponentially) from approximately 1100K at x = 0 to 300K at x = 0.3. Experimentally, li et al. reported variable temperature Xray diffraction studies of Gd doped BiFeo 3 ceramics [140] , [141] . They reported that the transformation temperature for the phase transition between R3c and Pnma symmetries decreases with increasing Gd content. They also noted that in contrast with the parent BiFeo 3 material, a wide range of R3c/Pnma phase coexistence is observed; for example, the onset of this transition for a composition of x = 0.05 begins at approximately 740K and is not complete until approximately 1043K. a more complex series of phase transitions has been observed for Bi 0.9 sm 0.1 Feo 3 from variable temperature synchrotron radiation experiments [119] . at room temperature, the authors report the material exhibits anti-polar Pnam symmetry with the unit cell metric √2a × 2√2a × 4a as described extensively in section II-a. on heating, an anti-polar-polar (PnamR3c) phase transition is observed at approximately 410K. This is subsequently followed by a polar-non-polar (R3c-Pnma) phase transition at approximately 780K.
By far, the most comprehensive variable temperature structural studies have been performed on la-and nddoped BiFeo 3 ceramics by Karpinsky et al. and reaney and coworkers, respectively [1] , [75] , [76] , [105] , [107] . Karpinsky et al. reported detailed neutron and X-ray diffraction studies for Bi 0.84 la 0.16 Feo 3 and Bi 0.815 la 0.185 Feo 3 materials. Both materials exhibit the same series of phase transitions, namely Pbam + R3c → R3c → R3c + Pnma → Pnma with the transition temperatures and windows of phase stability varying slightly between the two compositions. at x = 0.16, a single-phase polar R3c region is observed between 623K and 773K with a single non-polar Pnma phase observed at temperatures ≥873K. In contrast, for x = 0.185, a single R3c phase between 723K and 773K and a single Pnma phase at temperatures ≥823K are observed. The authors also present a phase diagram between 0K and 850K as a function of composition (0 ≤ x ≤ 1), but it is unclear where the low-temperature phase transition and stability data were collected [75] , [76] . Khomchenko et al. reported that Bi 0.875 la 0.125 Feo 3 exhibits a first-order phase transition from polar R3c to non-polar Pnma symmetry with a region of phase co-existence between 900K and 1050K [31] . Initial measurements performed by Karimi et al. suggested that all compositions (la x = 0.05, 0.10; nd x = 0.05, 0.10, 0.15, 20; sm x = 0.05, 0.10, 0.15; and Gd x = 0.05, 0.10) studied by variable temperature saEd and dsc exhibited a structural transition to non-polar Pnma symmetry regardless of the starting symmetry; i.e., either polar R3c or anti-polar Pbam [1] . In all cases, the observed transition temperatures decreased with increasing rare earth content as expected. The same authors later extended these studies for neodymium-doped BiFeo 3 ceramics in the composition range 0.10 ≤ x ≤ 0.25 with neutron diffraction experiments [105] , [107] . These studies confirmed their original observations of an polar R3c → non-polar Pnma or anti-polar Pbnm → non-polar Pnma phase transitions with increasing temperature in these materials. Both phase transitions are characterized by a decrease in the magnitude of the octahedral tilting. Interestingly, in these thorough studies, no evidence is observed of a Pbnm → R3c → Pnma series of phase transitions as was observed for lanthanum-doped materials.
In-depth variable temperature studies have, typically, focused on compositions in the interesting region of the phase diagram; i.e., with materials exhibiting either polar R3c or anti-polar Pnam symmetries and the polar/ anti-polar-non-polar phase transition. In contrast, Kavanagh et al. performed an extensive variable temperature neutron diffraction study of the non-polar Pnma phase, Bi 0.5 la 0.5 Feo 3 [59] . They note some unusual behavior in this material with increasing temperature. a-site cation displacements along the a-axis increase, resulting in increasing octahedral distortion of the lattice, with increasing temperature up to maximum of approximately 700K, which couples with an increase in the magnitude of the in-phase tilt. The authors attribute this anomalous distortion to be linked to the onset of antiferromagnetic character below approximately 750K and a magnetic Invar effect along the magnetic c axis.
III. discussion clearly, much controversy and debate exists within the literature with respect to dopant-driven phase transitions in rare-earth-incorporated BiFeo 3 materials. Many of the early studies focused on evaluating the properties of rEdoped materials rather than on understanding the complex and sometimes subtle structural phase transitions within these materials. Kapinsky et al. noted that the "controversy within literature is primarily linked to different methods and conditions of sample synthesis" [76] , and in fact a quick glance through the literature reveals wide ranging approaches to synthesis including (but not limited to) sol-gel methodologies, (see, e.g., [16] , [81] ); standard solid-state techniques (see, e.g., [79] , [105] , [116] ); modified solid-state techniques, such as including additional leaching steps [156] ; experiments under inert atmospheres [59] ; rapid liquid sintering processes; and high-energy ball milling methods [121] . This, coupled with the propensity of BiFeo 3 preparations to form impurity phases such as Bi 2 Feo 4 and Bi 24 Feo 39 on synthesis, can further hamper the synthesis of single-phase materials and confuse actual dopant concentrations and structural phase identification. all these factors have a significant effect on the observed properties of these materials, and thus it is therefore vital to understand the role of rare earth dopants on the crystal structure if we are to truly comprehend the structure-property correlations in these ceramics. With respect to the formation of secondary phases, the introduction of rare earths onto the perovskite a-site has been shown, almost exclusively, to limit the formation of secondary phases. as discussed in the introduction, the presence of secondary phases in BiFeo 3 , coupled with the volatility of Bi 3+ ions, typically leads to the formation of bismuth and/or oxygen vacancies as well as mixed Fe 2+ /Fe 3+ oxidation states which have been suggested to be the origin of some of the less desirable characteristics of bismuth ferrite, such as high leakage currents. The addition of rare earths into the lattice has been suggested to stabilize the oxygen in the lattice because the rare earths typically exhibit a significantly higher bond enthalpy with oxygen than bismuth [16] . nalwa et al. explored this idea in terms of thermodynamics [110] . Using Pauling's equation, they related ionic bond strength with the average electronegativities of the cation and anion. They observed that the ionic bond strength of the sm-o bond is higher than the Bi-o bond, which may lead to a reduction in the enthalpy of formation, ∆H f , of sm-doped bismuth ferrite, reducing the free energy of formation, ∆G f , in comparison to the undoped BiFeo 3 parent material, perhaps making the former more stable [110] . In terms of the effects of synthesis conditions on the phases observed, it is clear these materials have a tendency for structural phase separation, especially close to the morphotropic phase boundary (MPB) region [31] . This is not uncommon in perovskite materials and Bielecki et al. noted that "the observation of biphasic substitution regions is often seen in similar perovskite series and reflects a small energy difference between the two structures that might drive a separation into dopant rich and dopant deficient regions" [8] . Furthermore, the inhomgenous distribution of cations within the perovskite lattice could potentially lead to broadening of peaks even within materials exhibiting single symmetries. clearly this complicates and hampers phase identification. However, it would appear that the complex behavior observed in these materials is not simply a result of a propensity for phase segregation. For example, materials synthesized by sol-gel techniques seem to exhibit a limit of single-phase synthesis at x = 0.15, however, although it is not stated, we suspect that this reflects the limit of materials with R3c symmetry observed rather than a limitation of the synthesis method [39] . In addition, sol-gel studies have been shown to be sensitive to pH and mineralizer effects, further complicating materials prepared using this technique, which may account for some of the phase variations observed between authors. The same variations in phase analysis are also observed in materials prepared by standard solid-state and rapid liquid sintering methods. rusakov et al. suggest that some of the problems lie with the lack of thermodynamic equilibrium and by the presence of R3c and Pnma end members [79] . The problems with synthesis temperatures were further addressed by Troyanchuk et al. whom reported that to achieve single-phase materials with different dopant concentrations different temperature regimes must be employed [73] . Insufficient synthesis temperature typically resulted in the observation of multiple Bi 1−x rE x Feo 3 phases with multiple symmetries such as R3c, Pbam, and Pnma. This may not be surprising when we consider that typically BiFeo 3 is prepared at a temperature of approximately 800°c [4] in conventional solid-state preparations whereas laFeo 3 is prepared at much higher temperatures, typically 1200°c [173] with far longer reaction times. This goes somewhat to explain the vast differences within the literature, wherein, for comparative purposes, a series of samples would more typically be prepared under identical synthesis conditions and not optimized for specific rare earth concentrations. In fact, our own studies have demonstrated that the choice of synthesis route and/or temperature can have a vast difference on the R3c and Pnma phase percentages observed in dysprosium-doped ceramics. For example, we synthesized Bi 0.88 dy 0.12 Feo 3 employing several different methods including using the liquid sintering technique at different temperatures and typical solid-state routes with different heating and cooling rates. consistent with the data presented by Troyanchuk et al. for la 3+ -doped materials, we saw no quantifiable changes in Pnma and R3c symmetry phase percentages, as shown in Fig. 2 , when varying the cooling rates of the standard solid-state preparation [77] . However, increasing the reaction temperature at which we performed rapid liquid sintering resulted in the observation of almost a single R3c phase, as shown in Fig. 2(b) , consistent with Troyanchuk et al. [77] . Phase identifications are further complicated by the possibility of isothermal structural phase transitions, especially in materials close to an MPB [74] , [76] , [91] . This essentially means that a time lag between synthesis and diffraction analysis can result in a different ratio of phases being observed and result in a sample that was initially single phase later exhibiting multiphase character. such time dependence has been observed in the materials prepared by Karpinsky et al., who noted that although a phase with R3c symmetry was initially stabilized on synthesis over time, the formation of approximately 10% of the orthorhombic Pnma phase was seen to appear at room temperature [74] . after a time frame of about one month, this phase segregation stabilizes and no further Pnma phase can be seen to grow in.
Problems with materials analysis also fundamentally contributes to the phase identity contradictions found within the literature. Much of the crystal structure assignments within the literature are based on data collected on laboratory X-ray diffraction instrumentation. The differences between many of the proposed symmetries are subtle and primarily linked to the rotation/tilts of the Feo 6 octahedra. These structures are thus immensely sensitive to oxygen atom positions. The X-ray diffraction technique is fairly insensitive to the position of oxygen atoms as a result of the low electronic density of oxygen compared with the much heavier Bi 3+ , rE 3+ , and Fe 3+ ions [2] . Moreover, problems with fluorescence of Fe 3+ ions can occur with cu radiation, as used in typical lab-based instruments, depending on the instrument configuration. Phase identity is further complicated by the similar nature of the X-ray diffraction patterns, as simulated in Fig. 3 for cu Kα radiation. Peak broadening resulting from instrument configuration can mask the observation of characteristic peak splitting and the superstructure peaks defining the anti-polar phase can be lost because of low signal-to-noise ratios, or mistakenly identified as secondary phases. other factors such as phase segregation, sample purity and crystallinity can also make definitive structural determination problematic [144] . despite this, very few neutron diffraction [31] , [59] , [72] - [77] , [105] , [107] , [144] , [156] , synchrotron diffraction [30] , [31] , [38] , [79] , [82] , [119] , [156] , or saEd [1] , [68] , [72] , [79] , [105] , [106] studies have been conducted on these materials, which would offer better sensitivities for phase analysis. It should be noted that high neutron absorption coefficients for some rare earths such as Gd 3+ make them incompatible for neutron diffraction. Many authors have complemented their X-ray diffraction studies with raman spectroscopy to try to overcome the issues of X-ray sensitivities. However, raman spectroscopy in itself is not free from issues which further complicate phase assignments and the observation of structural phase transitions. Bielecki et al. have shown that phonon mode assignment for BiFeo 3 (and doped materials) is not a trivial matter [8] . The polar nature of BiFeo 3 can complicate raman analysis especially in bulk samples, as reviewed here, because of the random orientation of grains. In the parent BiFeo 3 material, the phonon modes can vary in both intensity and position as a function of the angle α between the incoming laser light and the [111] c crystalline direction [8] , [152] . This means that two different regions of the same material can give very different spectra, as illustrated in Fig. 4 for our BiFeo 3 materials. Therefore, care must be taken, particularly when performing point analysis as a function of doping, not to confuse changes in the raman spectra caused by crystallite orientation with genuine changes in symmetry. likewise, point analysis only suggests symmetry at a given surface point rather than a reflection of the true symmetry of the entire sample. This is clearly illustrated in our raman mapping experiments, which indicated mixed phase behavior in some of our dy 3+ -doped materials [156] . Extensive raman spectroscopy studies of BiFeo 3 -based materials are presented by Bielecki et al. and Hlinka et al. [8] , [174] . It should also be noted that Ir can also be used to probe crystal symmetry in these materials; see, e.g. [175] , [176] . The limitations of both X-ray diffraction and raman spectroscopy on their own make them insufficient to accurately probe the structure of these materials, which therefore hampers a true understanding of the structureproperty correlations in these materials, For example, the observation of ferromagnetic behavior observed by superconducting quantum interference device (sqUId) magnetometry in a material may be limited to the presence of small amounts of impurity phase or may arise from subtle changes to the Feo 6 tilt system on doping. It is therefore clear from the literature that the successful phase analysis of these materials requires a systematic approach with multiple, sensitive, complementary techniques. Karimi et al. noted the limitations of their X-ray diffraction assignments caused by the insensitivity of the oxygen positions and stated that they remain inconclusive with respect to tilt system and thus space group symmetry [106] . They therefore performed an in-depth complementary saEd analysis which they later extended to a comprehensive powder neutron diffraction study for conclusive phase identity, highlighting the need for complimentary analysis [1] , [105] [106] [107] . In fact, the most comprehensive and successful structural analyses of doped phases within the literature are based on complementing neutron and/or synchrotron diffraction techniques with raman spectroscopy and saEd methods. For example, performing synchrotron and neutron diffraction studies with raman spectroscopy allowed us to evaluate the structure of dy 3+ -doped ceramics and elucidate the complex multiphase behavior exhibited in our materials-something which was not evident in our initial laboratory-based X-ray diffraction studies [156] .
We now consider the most plausible phase diagram taking into account the literature presented and extending that originally presented by Troyanchuk et al. derived from their data [80] . We know that the end members of the rE orthoferrite family all exhibit Pnma (non-polar) symmetry. In BiFeo 3 , ferroelectricity arises as a result of the stereoactive 6s2 lone pair of electrons on the Bi 3+ ion, which results in it being displaced within the perovskite lattice as characterized by polar R3c symmetry. as we substitute rE 3+ for Bi 3+ , we therefore expect the loss of ferroelectric character and a change toward Pnma symmetry. The same phase transition is observed on heating the parent BiFeo 3 materials through the ferroelectricparaelectric phase transition [4] . In terms of the phase boundary between these two symmetries, Karpinsky et al. reported that one of the most popular models describing the nature of a MPB assumes coexistence of different nanoscale structural phases which on average can be described by a single (lower) symmetry model [76] . In contrast, an alternative model assumes the ground energy state of the compositions is defined by a spatially modulated structure [76] . If we now consider the accepted symmetries proposed for the nd 3+ -doped system, for example, the following series of phase transitions has been reported R3c → Pbam → Pnma [1] , [105] [106] [107] . The Pbam symmetry (described in section II) can effectively be thought of as a simpler representation of the Pnam modulated system; however, difficulties in distinguishing between the Fig. 3 . simulated X-ray diffraction patterns (cu Kα) showing the similarities between R3c, Pnma, and Pbam models [4] , [77] . (raman data were collected at room temperature using a Horiba yvon Jobin labraM raman spectrometer using a 633-nm laser. Measurements were performed over 10 integrations with a 2 s acquisition time with ×50 objective and 600 lines/mm grating giving a resolution of ±0.5 cm −1 over a raman shift range of 80 cm −1 to 800 cm −1 .) two models by any technique other than saEd results in the Pbam symmetry most typically being referred to within the literature. If we consider the tilt system of the Pnam model, it can be thought of as a nanbo 3 -like complex tilt system with Glazer notation (a − a − c + )/(a − a − b − ). levin et al. noted the plausibility of the proposed model by describing the complex nature of the tilt system as competition between the two tilt systems (a − a − a − ) and (a + b − b − ) of the parent BiFeo 3 and ndFeo 3 phases, respectively [107] . This is consistent with the MPB models discussed by Karpinsky et al. [76] . In the case of la 3+ doped BiFeo 3 materials, anti-polar Pbam symmetry has also been observed by several authors in the intermediary region between R3c and Pnma symmetries [8] , [74] [75] [76] [77] [78] . However, the R3c → Pnam → Imma → Pnma series of symmetries has been proposed by rusakov et al. from a detailed synchrotron and saEd studies of Bi 1−x la x Feo 3 materials [79] . The tilting modulation in the anti-polar incommensurately modulated Imma phase can be thought to arise as a result of the displacement of the o2 ions within the ac-plane, which locally result in an a + tilt component added to the a 0 b − b − Imma tilt system and gives rise to the unit cell relationship, a = √2a, b = 2a, c = √2a [79] . In contrast with the Pnam and Pbam, anti-polar symmetries exhibit (a − a − c + )/(a − a − b − ) and (a − a − c 0 ) tilt systems, respectively. In this case, the octahedral tilt is coupled to the anti-polar Bi 3+ ion displacements resulting in a √2a × 2√2a × 2a unit cell metric for Pbam. Pnam symmetry is a little more complex, in that a and b-axes are tilted in anti-phase but the c-axis has a complex modulated in-phase/antiphase tilt system which gives rise to an additional multiplication of the unit cell in the c direction resulting in the unit cell metric √2a × 2√2a × 4a [1] . It is worth notingthat Karimi et al., in contrast with other authors, did not find any evidence of any anti-polar phases in la 3+ -doped BiFeo 3 materials. They suggested that the concentration of la 3+ required to introduce competition between the (a − a − a − ) and (a − a − c + ) tilt states is so great that there is no longer sufficiently large a-site polarizability to stabilize an anti-polar state above room temperature [1] . Furthermore, a-cation size mismatch may also play a role in phase stabilization (as discussed in more detail later). The ionic radii of Bi 3+ and la 3+ are almost identical, perhaps limiting size-related effects in structural phase transitions and resulting in the differences in the anti-polar phases observed between la 3+ -and nd 3+ -doped materials. In contrast, it is clear that because the size mismatch becomes larger as we decrease rare earth cation size, the anti-polar phase is no longer observed in any significant quantity and certainly never as a single phase. Furthermore, our recent work on dy 3+ -doped bismuth ferrite materials suggests that there is a further phase transition from polar R3c symmetry to polar Cc symmetry as a result of increasing chemical strain within these materials [159] . This was the first observation of this Cc phase transition and, therefore, this transition and the phase limits, particularly with the smaller rare earths, warrants further investigation. With these data in mind, we propose the phase diagram shown in Fig. 5 for rare-earth-doped BiFeo 3 materials. We should note, however, that some authors have proposed that the transition from polar to nonpolar is not necessarily concomitant with the structural phase transitions, particularly for the smaller rare earths, where R3c → Pnma symmetry is proposed [31] , [91] , [116] . Without detailed electrical measurements for all materials reported, it is difficult to quantify these observations and we have therefore chosen to remain with non-polar Pnma symmetry within the proposed phase diagram. We would, however, draw the reader's attention to the fact that the actual series of phase transitions for some materials may be better reflected by an R3c → Pn2 1 a → Pnma (polar → polar → non-polar) series.
In an attempt to reconcile these observations, as authors move toward more complex multi a-site cation substitutions (for example, the Bi 0.86 (la, sm) 0.14 Feo 3 system reported by Khomchenko et al. [176] ), and perhaps move toward a global metric that would allow us to be able to predict materials which will potentially show a desired symmetry (and thus certain properties) or which will lie along a MPB, which is important if we are to find materials with greatly enhanced piezoelectric coefficients similar to those exhibited in thin films [12] , we considered the proposed phase diagram in terms of the perovskite toolbox. Karimi et al. noted that comparisons with the Pb(Zr,Ti) Fig. 5 . schematic representation of the proposed phase diagram for rareearth-doped BiFeo 3 ceramics. note that the exact symmetry of the antipolar phase, Pbam or Pnam, is difficult to assign because of the similar nature of the diffraction patterns of these two space groups. Furthermore, the symmetry for la-doped materials has been reported to have an incommensurately modulated Imma symmetry, which we have indicated by the colored arrows. Because the potential limits of Imma symmetry are unknown, we have used Pbam to denote the region of the phase diagram where complex modulated symmetry occurs. The limits of the Cc symmetry proposed by us for dy 3+ -doped materials are also unknown and we have proposed a phase field based on the loss of the anti-polar character in red, but this requires significant further investigation. o 3 solid solution could provide interesting analogies with BiFeo 3 -rEFeo 3 solid solutions [1] . at room temperature, PbTi 1−x Zr x o 3 undergoes polar P4mm → R3m → R3c → Pbam series of phase transitions with increasing x. The authors considered these transitions in terms of the Goldschmidt tolerance factor. The tolerance factor can be used to describe the distortion in a crystal structure and is given by the equation [177] :
where t is the tolerance factor and r a , r B , and r o are the ionic radii of the a, B, and oxygen ions, respectively. (In our case, r a represents the average ionic radii of the asite, Bi 3+ and rE 3+ cations.) Effectively, tolerance factor can be thought of as a driving factor for octahedral tilting such that when t is less than unity, the B-o bonds can be thought of as being compressed and the a-o bonds are under tension, causing the octahedra to rotate co-operatively to relieve lattice stress [26] , [140] . In the PbZro 3 -PbTio 3 solid solution, as Ti 4+ is replaced with the less polarizable Zr 4+ ion, the tolerance factor decreases (as does the ferroelectric phase transition, T c ) resulting in octahedral rotations which give rise to changes in symmetry [1] . If we consider the BiFeo 3 -ndFeo 3 solid solution which exhibits an R3c → Pbam → Pnma series of phase changes with increasing nd 3+ content. We can see that in the same way, by replacing Bi 3+ with the less polarizable nd 3+ , the antiferroelectric phase is stabilized with decreasing values of t and the ferroelectric-paraelectric transition temperature decreases. However, the effect of tolerance factor becomes more difficult to apply across the whole rare earth series as the sole driving force for the observed symmetry phase transitions in these materials. With small rare earths such as dy 3+ , we see a transition directly from polar R3c (or Cc) to non-polar Pnma phases through a large region of phase co-existence with no evidence of the anti-polar phase. Karimi et al. suggested that tolerance factor coupled with a-site polarizability drives the structural phase transitions in these materials with the polarizability of the rare earth decreasing with decreasing ionic radii of the ion [1] . However, the authors noted that it is difficult to decouple polarizability from a-site size-related effects because the former is proportionate to the later. clearly, a-site cation size plays an important role; it is obvious from the phase diagram in Fig. 5 that as the rare earth ionic radii decreases, the stability of the anti-polar phase also decreases, with phase separation of R3c and Pnma phases favored over formation of the Pbam phase for small rare earth ionic radii. Previous research has indicated that transition temperatures, such as the ferroelectric-paraelectric and structural phase transitions, have been shown to scale with the mean a-cation radius and the size mismatch between the cations on the a-site [177] . a-site variance is given by the statistical variance in the distribution of the radii as [178] , [179] where σ 2 is the a-site ion size mismatch or a-site variance and 〈r a 〉 is the mean a-site cation radii. For binary systems such as those described within the review, this equation can be reduced to [178] 
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where r Bi and r rE are the ionic radii of the Bi 3+ and rE 3+ ions, respectively. We attempted to reconcile both the average a-site ionic radii and a-site variance with the structural phase transitions observed for rare-earthdoped bismuth ferrite ceramics. However, trying to correlate structural phase transitions with tolerance factor and the role of a-site variance in an attempt to develop a global tool for symmetry prediction in these materials proved unsuccessful. Because a-site variance is typically used to rationalize electronic property correlations in asite-doped materials, such as the ln 1−x M x To 3 (where ln is a rare earth, M is an alkaline earth metal, and T is a transition metal) perovskite systems reviewed by attfield, we looked to the transition data presented by Karimi et al. in an attempt to understand the effects of a-site variance [1] , [178] . Fig. 6 shows the variation of transition temperature of a range la 3+ -, nd 3+ -, sm 3+ -, and Gd 3+ -doped BiFeo 3 compositions with both both the a-site variance and average a-site ionic radii, 〈r a 〉. Unsurprisingly, given the links between polarizability and ionic radii, we see a reasonably linear change in transition temperature with decreasing average ionic radii consistent with the original polarizability plots presented by the authors. However, in contrast we see no direct correlation with respect to a-site variance. on the face of it, this would seem to suggest that polarizability/average a-site ionic role plays a larger role in the observed behavior of these materials than the size mismatch between the a-site cations. The observed phase diagram suggests that as the average polarizability of the a-site decreases the system favors phase separation between the R3c and Pnma end members as opposed to the anti-polar Pbam phase. However, it should be noted that this does not rule out the possibility that variance-related effects become more prominent with decreasing rare earth ionic radii and this warrants further investigation.
IV. conclusions
In summary, we report here a concise literature review of structural phase transitions in rare-earth-doped bismuth ferrite ceramics. Much of the contradictory nature of the literature can be attributed to the choice of synthesis methodology and temperature leading to inhomogenous cation distributions and/or incomplete phase formation as well as the limited structural analysis performed. This review highlights the importance of 1) synthesis conditions and temperature; 2) the importance of multiple synthesis steps, particularly in the solid state; and 3) the need for complimentary techniques to probe the complex phase transitions in these materials. It is also clear that many of these systems may require optimization of the synthesis route with increasing rE 3+ concentrations. We propose a phase diagram similar to the one reported by Troyanchuk et al. [80] , whereby for the larger rare earth ions, a complex anti-polar nanbo 3 -like phase [Glazer notation (a − a − c + )/(a − a − b − )] with Pnam or Pbam symmetry and described as competition between BiFeo 3 (a − a − a − ) and rEFeo 3 (a + b − b − ) tilt systems is stabilized between the polar R3c and non-polar Pnma symmetries [107] . In contrast, for the smaller rare earths, competition between these two tilt systems favors phase segregation of the R3c and Pnma phases and a large region of phase co-existence is observed instead. Based on the arguments proposed by Karimi et al., we propose that decreasing tolerance factors and average a-site polarizabilty/ionic radii are the primary driving forces for these transitions [1] . clearly, this is an interesting system with many possibilities for exciting magnetic and electric properties. authors are now looking toward the doping of multiple rare earths onto the a-site of BiFeo 3 , further expanding the phase field and the potential for exciting materials. as we gain a better understanding of the complex structural phase transitions in these materials, we will be better placed to fully understand the structure-property correlations and perhaps move toward the rational design of materials showing enhanced magnetic and electronic properties.
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references Fig. 6 . Variation of phase transition temperature for some la 3+ -, nd 3+ -, sm 3+ -, and Gd 3+ -doped BiFeo 3 ceramics as taken from [1] with (a) average a-site ionic radii, 〈r a 〉, and (b) a-site variance, σ 2 , showing an almost linear relationship between T c and average ionic radii but no real correlation between transition temperature and a-site variance. note that a-site ionic radii are based on 8-coordinate a-sites as taken from shannon, because values for the more accurate 12-coordinate a-sites are not available for many rare earth ions [1] , [180] .
